246 MATHEMATICS: L. P. EISENHART Proc. N. A. S.

Lynch, K. M., ‘“The Rat as a Carrier of Dysenteric Amoeba." Jour. Amer. Med.
Assoc., 65, 2232—2234 (1915).

Wenyon, C. M., “Observations of the Protozoa in the Intestine of Mice.” Arch.
Prot., Suppl., 1, pp. 169-201, pls. 10-12 (1907).

LINEAR CONNECTIONS OF A SPACE WHICH ARE DETERMINED
BY SIMPLY TRANSITIVE CONTINUOUS GROUPS

By LUTHER PFAHLER EISENHART
DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY
Communicated March 19, 1925

1. The concept of parallelism introduced by Levi-Civita for general
Riemannian manifolds of # dimensions has been extended by many writers
to manifolds for which there is not an assigned metric. Weyl! used the
term affine connection to define the relation between elements at different
points of a space and used a linear connection in the definition of which
the coefficients Tj, are symmetric in j and k. Equivalent definitions
have been used by Eddington,? and by Veblen? and the author? in their
papers on the geometry of paths. Schouten* has made an analysis of types
of linear connection without the restriction that the coefficients be sym-
metric. It is the purpose of this note to show that the infinitesimal genera-
tors of a simply transitive continuous group in n variables serve to define
an unsymmetric linear connection for which there exist symmetric tensors
gij, involving n(n + 1)/2 arbitrary constants, whose first covariant
_derivatives are zero. Moreover, if one of these tensors is taken for the
fundamental tensor of a Riemannian manifold, the group is a transitive
group of motions for the manifold.

2. Consider a space of # dimensions of codrdinates Lfori=1,...,n
Let \., be the components of 7 lmearly independent contravariant vectors
in the space, in this notation a )\:,/ given a for a = 1, ...,n indicates the
vector and ¢ for ¢ = 1, ..., n the component. Since the vectors are
linearly independent, their determinant A = | Ny, | is different from zero.
Let Af be the cofactor of N,/ in A divided by A; then

k:::/Af = Eﬂ, (21)

where 4 is summed from 1 to 7, according to the customary convention
which will be followed in this paper, and where &islfor «a = Band 0

for a %= B.
If we denote by N\ / the components of the vector N o/ in a coordinate

system x”, we have
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bx '
N, =\ 2.2
a/ v (2.2)
From (2.1) and analogous equations for the x”’s, we have
Ny Af = N2 AP,
which are reducible by (2.2) to
N2 (A’bb;fp A;,‘) =0
Since determinant A’ 3= 0, we have ‘
axt
= AN = > (2.3)

Hence for each value of 8, the quantities A? are the components of a
covariant vector, ¢ indicating the component. .
3. From (2.3) we have by differentiation
ouf _onfor o . o

u'T o ox'tox? | dxPox?
Multiplying by

Ny = Mg/ o
’
ox*

and summing for 8, we get

y OAY . OAf O’ Ox7 Ox'" | O OuF

“ap 0o g\ Q4 OX X 9F 4 0% 9% 3.1
il e Fv i S v e AL
If we put
oA?
TG =\ — v 3.2)
equations (3.1) become
_ _ IR 1t owe k
PZz - T ox' Ox’ Ox ox’"  Oo% (3.3)

T’ 2x't oxF | 0x* 0x'P0x'"

These are the conditions which the functions T'5; must satisfy in order that
they determine a linear connection, as Schouten* has shown. This particu-
lar result is due to Weitzenbock.®

From the definition of Af we have also

Ne/AR = 8F (3.4
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where 8,, isOor1l accordmg as ¢ £ kors = k. From this equation and
(3.2), we have also :
- Nk
k. _ A8 YN8/ ,
Multiplying (3.2) and (3.5) by A§ and M./, respectively, and summing
for k and 7 in these respective cases, we have in consequence of (2.1)

A% '
oAV _ s T, (3.6)

e
and
. Nk = .
a_xf/ = — N, T%. 8.7

Since these are the condi_tions that the first covariant derivative of A{ and
)\f,/ with respect to the I''s be zero, we say that for the linear connection
defined by (3.2) each field of vectors A%, (and Af) forms a parallel field.
4. If in place of (3.2) and (3.5) we put :
bA ONE
I‘,k = k i Aﬁ 3/ —B
T o Y

the I's satisfy equations of the form (3.3) and consequently define another
linear connection. In this case we have in place of (3.6) and (3.7)

(4.1)

o _ arry ' (4.2)
ox
and
k .
22‘“—} = — N, I 4.3)
Ox

For this linear connection the vectors \,/; and Ay do not form parallel
fields. .

In order that there may exist a symmetric tensor g;; whose first covariant
derivative with respect to the I'’s be zero, we must have

- 0g,;

=2 — g Th —gaTi =0 (4.4
bx B
The conditions of integrability of these equations are
g Blu + g1 Blu = 0, 4.5)
where ’
or'y oI . ‘
Bl = bx;'l - 57:‘5 + T T — T T (4.6)

In order that equations (4.4) be completely integrable, that is that they
admiit a solution involving #(n 4 1)/2 arbitrary constants, it is necessary
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and sufficient that all the functions Bl be zero. We show in the next
section that these conditions are satisfied, when the vectors N, determine
the infinitesimal generators of a simply transitive continuous group in
n variables.

5. If

i of
Xof =2y / 5 (5.1)
are the generators of a simply transitive group, it is necessary that
o X5 =Ny (M L) - 2 (0 L) = cuxs 6.2
where the C’s are constants. If these constants satisfy the equafions
Coh+ CliCl+ Cp C2y = 0 (a,BNo0 = 1,..,m) (5.3)
the conditions are sufficient as well as necessary.®
From (5.2) we have
k ?)‘i’/ — Ny )i{:‘/
Lok ok
Multiplying this equations by A7 A% and summmg for a and B, we have
in consequence of (3.4) and (4.1) .

A = Cly M.

Th — Ty = — Clg Ny A7 AL (5.4)
By means of these equations, equations (4.6) can be put in the form
» oIk ork ,, a
B;kl=s;‘z—g—%[ —;, (N3 A7 Af) — ,(x’.:/A,-Az)]
. + ik P:d

Substituting in the first two terms expressions for the I"s given by the
second of (4.1), the resulting expressions are reducible to zero by means
of (4.2), (4.3), (5.3) and (5.4).

6. If g; are the components of the fundamental tensor of a Riemannian
manifold V, of » dimensions, and)\ a/fori = 1,..,n are a set of functions
satisfying the equations

—-‘0, (6.1)

g b)\
N, By g Ohay
o/ 3 + gin > + g 5

then, as Killing” has shown, X, f Ny g-f is the generator of a one par-
- "

ameter group of motions of V,, into itself. Conversely, suppose that (5.1)

are the generators of a simply transitive group. In order that this be a
group of motions fora V,, it is necessary that (6.1) for & = .y n hold.
Multiplying (6.1) by A2 and summing for «, we get (4.4) in consequence
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of (3.4) and (4.1) Hence equations (6.1) admit solutions involving
. 1

n(n + 1)/2 arbitrary constants, and consequently there are « ”—("5"'—-)-
Riemannian manifolds admitting a given simply transitive group as a
group of motions, a result due to Bianchi.®
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In a recent number of the Proceedings of the Royal Academy of Amster-
dam,! H. Kneser proves the following theorem:

1. A necessary and sufficient condition that a connected n-dimensional
manifold M™ (n > 1) be separated into two and only two regions by every
connected (n—1)-dimensional manifold M™™' contained in M™ is that the
first Betti number P! of M™ be equal to unity and that there be no even coeffi-
cients of torsion of the lowest order.

Kneser’s proof is combinatorial and presupposes that M™~! always
belongs to a cellular subdivision of M™.

It is perhaps worth noticing that the meaning of this theorem becomes
very transparent in the light of the simplified, modulo 2 theory of connec-
tivity, in which no distinction is made between positively and negatively
oriented cells. Let us say that an n-complex is completely connected if
it is possible to pass from any #n-cell of the complex to any other by a series
of steps at each of which we go from an n-cell E” to an n-cell F* incident to
the same (#—1)-cell as E*. Then, in the language of the modulo 2
theory, we have the following basic theorem which is almost self-evident.

I1. Let C" be any closed, irreducible n-complex and C*~* any closed irre-
ducible (n— 1)-complex made up of cells of C*.  Then, if C*~! is bound-
ing, it decomposes the complex C" into exactly two completely connected
complexes C7 and C3, but if C"~' is non-bounding, it leaves C* completely
connected. ‘The complexes C} and Cj which touch along C*~! may also
touch in certain cells of dimensionalities less than z—1.



